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Abstract
We study nonatomic, locally positive, Lebesgue–Stieltjes measures on compact Menger manifolds
and show that the set of all ergodic homeomorphisms on any compact Menger manifold X forms a
dense Gδ set in the space of all measure preserving autohomeomorphisms of X with the compact-
open topology. In particular, there exists a topologically transitive homeomorphism on any compact
Menger manifold, which answers a question posed by several authors.We also prove the existence of
homeomorphisms that are chaotic in the sense of Devaney as well as everywhere chaotic in the sense
of Li–Yorke. Ó 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction and preliminaries
The theory of Menger manifolds (= µn-manifolds in the sequel) was founded by
Bestvina [2] and has been studied by many authors (see [5] for a survey). The theory of
µn-manifolds as a finite-dimensional analogue of that of Hilbert cube manifolds is now
well-developed. In the present paper, we study Menger manifolds from the viewpoint
of dynamical systems. Several facts are known in this direction. No compact Menger
manifold can be an attractor of a homeomorphism of a manifold. On the other hand, any
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shift homeomorphism on an n-dimensional (n − 1)-connected compact polyhedron can
be embedded into a homeomorphism on µn as an attractor [9]. There are no expansive
homeomorphisms with the pseudo-orbit-tracing property (POTP for short) on any Menger
manifold [5], but the existence is not known if we require only the expansiveness (see [12]
for a related result).
The study of measure preserving homeomorphisms forms a large part of the study
of dynamical systems and we concentrate our attention on this aspect in the present
paper. In Section 2, we describe two ways to construct nonatomic, locally positive,
Lebesgue–Stieltjes measures on compact Menger manifolds. Section 3 is devoted to the
proof of the “uniqueness” of the Lebesgue–Stieltjes measure on any compact Menger
manifold. In Section 4, we apply the result of Section 3 to prove that the set of all
ergodic homeomorphisms on any compact Menger manifold forms a dense Gδ set in the
space of all measure preserving autohomeomorphisms on any compact Menger manifold.
Lemmas that are needed in the proof of these results are applied to show the existence of
homeomorphisms which are chaotic in the sense of Devaney and everywhere chaotic in the
sense of Li–Yorke as well. This is the content of Section 5.
Our proofs heavily depend on an outstanding work of Oxtoby and Ulam [16] and we
assume that the reader is familiar with that paper. Also some familiarity with the Menger
manifold theory is assumed. Menger manifolds are locally homogeneous (see Section 3
for the precise definition), so the standard perturbation trick for topological manifolds may
be expected to be performed for Menger manifolds as well. This turns out to be true and
what is crucial for our argument is that such perturbation may be carried out in a measure
preserving way.
For a PL manifold M , ∂M denotes the manifold boundary of M and M˙ =M \ ∂M
denotes the interior of M . For a subset A of a space X, FrA and IntA denote the
topological boundary and interior of A in X, respectively. The cardinality of a set S is
denoted by ]S. For a collection A of subsets of a space X and a subset E of X, let
ST (E,A)= ST 1(E,A)= {A ∈A |E ∩A 6= ∅},
st(E,A)= st1(E,A)=
⋃
ST (E,A).
Inductively, for j > 2, let ST j (E,A) = ST (stj−1(E,A),A). Also let stj (E,A) =⋃ST j (E,A).
In the rest of this section, we review some basic facts on Menger manifold theory. For
later use, we start with general notations. For a cell complex K, |K| denotes the geometric
realization of K. The i-skeleton of K is denoted by K(i). Fix an integer q > n + 1 and
consider the q-dimensional cell Iq = [0,1]q with the cell complex structure L whose only
q-cell is Iq . Let sdL be the subdivision of L, each q-cell of which is of the form
q∏
i=1
[
ai
3
,
(ai + 1)
3
]
,
where ai = 0, 1, or 2. Let L̂ = st(|L(n)|, sdL) and let Kq be the number of q-cells of L̂.
For q 6 n, let Kq = 3q . Clearly Kq+1 >Kq > 3n for each q > n+ 1.
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Under the above notation, the universal Menger compactum is constructed as follows.
Fix an integer N > 2n+ 2 (usually N is chosen as 2n+ 1, but for a technical reason, we
take N greater than 2n+ 1). Let L be the cell complex structure of IN whose only N -cell
is IN . Consider the cell complex L̂ above and let
M1 = |L̂|
with the induced cell complex structure L1. Next we subdivide each N -cell of L1 into 3N
congruent cubes and denote the resulting cell complex structure by sdL1. Now let
M2 = st
(|L(n)1 |, sdL1)
with the induced cell complex structure L2.
Continuing this process, we have a decreasing sequence
IN =M0 ⊃M1 ⊃ · · · ,
of compact PL manifolds Mi with cell complex structures Li and the intersection
µn =
∞⋂
i=1
Mi
is called the n-dimensional universal Menger compactum. For notational convenience,
let ∂µn = ∂IN ∩ µn and Int(µn) = µn \ ∂µn. By the characterization theorem [2]
and the choice of N , ∂µn is homeomorphic to µn. Notice that µn is topologically
homogeneous [2], so these notations depend on the above construction and are not of
“topological” nature. A locally compact separable metrizable space X is called a µn-
manifold if each point of X has a neighborhood which is homeomorphic to µn.
In our argument, we repeatedly construct homeomorphisms with various “controls” and
these are obtained by using the partition of µn described below. A partition P of a compact
metric space X is a finite collection of closed sets with mutually disjoint interiors such that⋃P =X. If a partition P is a refinement of another partition Q, we write P 6Q.
Let Σi = {e ∩ µn | e is an N -cell of Li} for each i > 0 and let Σ∞ =⋃∞i=1Σi . An
element of Σi is called a cell of Σi . For each cell σ ∈Σi , σ = e∩µn for some e ∈ Li . We
let ∂σ = ∂e ∩ µn, where ∂e denotes the (manifold) boundary of the N -cell e. The set ∂σ
is called the boundary of σ . Notice that Frσ ⊂ ∂σ . By taking N > 2n+ 2, we ensure that
∂σ is homeomorphic to µn.
A closed subset A of a µn-manifoldX is called a Z-set if, for each map α :K→X with
dimK 6 n and for each open cover U ofX, there exists a map β :K→X which is U -close
to α such that β(K)⊂X \A.
Proposition 1.1.
(1) Each Σi is a partition of µn such that Σi+1 6Σi and mesh(Σi)→ 0.
(2) For each σ ∈Σi , the spaces σ and ∂σ are homeomorphic to µn, and also ∂σ is a
Z-set in σ .
The proof follows immediately from the construction and the Characterization Theorem
of µn-manifolds [2].
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The following form of the Z-set Unknotting Theorem [2] will be used repeatedly.
Theorem 1.2. Let Zi , i = 1,2, be Z-sets in µn. Each homeomorphism h :Z1 → Z2
extends to a homeomorphism of µn.
It follows from the above that each Z-set A of µn which is homeomorphic to µn is
mapped onto ∂µn by a homeomorphism of µn.
For each σ ∈Σi and for j > i , let
B(σ,Σj)= {τ ∈Σj | σ ∩ τ 6= ∅ and τ 6⊂ σ }.
Lemma 1.3. For each i > 1, k > 1 and for each σ ∈Σi , we have that
]B(σ,Σi+k)6
∑N−1
q=0
(
N
q
)
2N−q (Kq)k.
Proof. Let σ = e ∩ µn, e ∈ Li . We first prove the lemma for k = 1. For each q =
0, . . . ,N − 1, let
A1q =
{
d ∈ Li+1 | d is an N-cell such that dim(d ∩ e)= q
}
.
Clearly B(σ,Σi+1) = ⋃A1q . There are (Nq ) · 2N−q q-faces of σ , some of which have
nonempty intersections with other cells, and, hence,
]A1q 6
(
N
q
)
·Kq · 2N−q .
So the lemma follows for k = 1. For the general case, let Akq = {d ∈ Li+k | d is an N -cell
such that dim (d ∩ e)= q}. By the same combinatorics as above, we see that
]Akq 6
(
N
q
)
· (Kq)k · 2N−q
and the result follows. 2
2. Constructions of measures on µn
Definition 2.1. An outer measure ν∗ on a compact metric space X with a compatible
metric d is called a Lebesgue–Stieltjes outer measure (an LS measure for short) if
(1) ν∗(X) <∞.
(2) ν∗(A∪B)= ν∗(A)+ ν∗(B) if d(A,B) > 0.
(3) ν∗(A)= inf{ν∗(G) |G is an open set containing A}.
The measure induced by a Lebesgue–Stieltjes outer measure is called a Lebesgue–Stieltjes
measure (an LS measure for short). This terminology follows [16].
A measure is said to be nonatomic if each one point set has measure zero. Also a measure
ν on a topological space X is said to be locally positive if ν(G) > 0 for each nonempty
open set G of X.
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Let f :X→ Y be a homeomorphism and suppose that α and β are measures on X and
Y , respectively. We define a measure f ∗β on X and a measure f∗α on Y as follows.
f ∗β(E)= β(f (E)) and f∗α(F )= α(f−1(F )).
Notation 2.2. For a compact metric space X, H(X) denotes the set of all autohomeomor-
phisms of X with the compact-open topology. It is well known that H(X) is a completely
metrizable separable space. For a closed subset A of X, let
HA(X)=
{
f ∈H(X) | f |A= id }.
It is clear that HA(X) is a closed subset of H(X) and, hence, is completely metrizable as
well. For a nonatomic LS measure ν on X, H(X,ν) is the subspace of all ν-measure
preserving homeomorphisms. Note that H(X,ν) is also a closed subset of H(X) [16,
p. 880]. Further, let HA(X,ν)=HA(X) ∩H(X,ν).
Here we present two constructions of nonatomic, locally positive, Lebesgue–Stieltjes
measures on the n-dimensional, universal Menger compactum µn. The first one uses the
partitions described in the previous section, and the second one is the restriction of the
Lebesgue measure on IN to a subset which is homeomorphic to µn and is obtained by
“digging thin tunnels” in IN .
Construction 1. Let K = KN = the number of cells in Σ1, and for a cell σ ∈ Σi , let
m(σ)= 1/Ki . Notice that for each σ ∈Σi and for each j > i , σ is the union of cells of
Σj which are contained in σ and also∑
τ∈Σj ,
τ⊂σ
m(τ)= K
j−i
Kj
= 1
Ki
=m(σ).
Proposition 2.3. For each i > 0, for each ε > 0 and for each σ ∈Σi , there exists a j > i
such that∣∣m(st(σ,Σj ))−m(σ)∣∣< ε.
Proof. Notice that for each k > 1,
st(σ,Σi+k)= σ ∪
⋃
B(σ,Σi+k) and
m(st(σ,Σi+k))=m(σ)+
∑
τ∈B(σ,Σi+k)
m(τ).
By Lemma 1.3, ]B(σ,Σi+k)6
∑N−1
q=0
(
N
q
) · 2N−q ·Kkq . Thus,∑
τ∈B(σ,Σi+k)
m(τ)6
∑N−1
q=0
(
N
q
)
· 2N−q · (Kq)
k
Ki+k
= 1
Ki
∑N−1
q=0
(
N
q
)
· 2N−q
(
Kq
K
)k
.
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There exists an r < 1 such that Kq/KN 6 r for each q 6N − 1. Therefore, by the above,
∑
τ∈B(σ,Σi+k)
m(τ)6 1
Ki
N−1∑
q=0
(
N
q
)
· 2N−qrk <
(
3N
Ki
)
· rk→ 0
as k→∞. The conclusion follows at once from the above. 2
For a subset A of µn, let
m∗(A)= inf
{∑
m(σj )
∣∣∣∣A⊂ ∞⋃
j=1
σj and σj ∈Σ∞
}
.
Then the standard argument shows that m∗ is an outer measure defined on all subsets
of µn. LetM be the set of all m∗-measurable subsets of µn. The restriction m=m∗|M
defines a measure on µn and we show that m is a Lebesgue–Stieltjes measure in the sense
of [16]. Fix a compatible metric d on µn.
Proposition 2.4. The outer measure m∗ has the following properties.
(1) For any subsets A and B with d(A,B) > 0, we have that m∗(A ∪ B) = m∗(A)+
m∗(B).
(2) Each Borel set is m∗-measurable.
(3) For any subset A of µn,
m∗(A)= inf{m(G) |G is an open subset containingA}.
(4) m∗(σ )= 1/Ki for each σ ∈Σi .
Proof. (1) The property is well known for the standard Lebesgue measure on Rn and the
proof for that case applies to the above situation word for word.
(2) This is a general consequence from the condition (1).
(3) For each ε > 0, there exists a countable collection {σj } ⊂Σ∞ such that
A⊂
∞⋃
j=1
σj and
∞∑
j=1
m(σj )6m∗(A)+ ε.
For each j , take a large kj > j such that m(st(σj ,Σkj ))6 m(σj )+ ε/2j . Such a choice
is possible by Proposition 2.3. Let G=⋃ int(st(σj ,Σkj )). It is an open set containing A.
Also,
m∗(G)6
∞∑
j=1
m
(
st(σj ,Σkj )
)
6
∞∑
j=1
m(σj )+ ε/2j 6m∗(A)+ 2ε.
Since ε is arbitrary, we have the desired conclusion.
(4) By the definition, it is clear that m∗(σ ) 6 m(σ). To prove the reverse inequality,
take an ε > 0 and choose a countable collection {σj } ⊂ Σ such that σ ⊂⋃∞j=1 σj and
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j=1m(σj ) 6 m∗(σ ) + ε. Apply Proposition 2.3 again to take an integer kj such that
{σj } ⊂Σ such that m(st(σj ,Σkj )6m(σj )+ ε/2j . Notice that
σ ⊂
∞⋃
j=1
σj ⊂
∞⋃
j=1
int
(
st(σj ,Σkj )
)
.
There exists a finite collection {j1, . . . , jt } such that σ ⊂⋃tl=1 int(st(σjl ,Σkjl )). Then
m(σ)6
t∑
l=1
m
(
st(σjl ,Σkjl )
)
6
∞∑
j=1
m
(
st(σj ,Σkj )
)
6
∞∑
j=1
m(σj )+ ε2j
6m∗(σ )+ 2ε.
Since ε is arbitrary, we have the desired conclusion. 2
Clearly m is positive on any nonempty open set. Summing up, we have the following:
Theorem 2.5. The measurem is a nonatomic, locally positive, Lebesgue–Stieltjes measure
on µn with m(µn)= 1 and satisfying the following conditions:
(1) for each point p ∈ µn, m({p})= 0. That is, m is nonatomic,
(2) for each σ ∈Σ , m(∂σ)= 0.
Proof. The above two properties follow easily from the construction and the proof of
Proposition 2.3. 2
Construction 2. There is another way to construct a nonatomic LS measure on µn. Here λ
denotes the standard Lebesgue measure on RN . Recall the description of the space µn in
Section 1 can be viewed in the following way: We start with the N -cell with the cell
complex structure L. The subset M1 may be regarded as the regular neighborhood of
the n-skeleton |Ln| with respect to sdL. Inductively, Mi+1 is the regular neighborhood
of |L(n)i | with respect to sdLi . In other words, Mi+1 is obtained from Mi by removing
the interior of the regular neighborhoodNi of the dual (N − n− 1)-skeleton of Li . In the
previous construction, it is not difficult to check that
∑∞
i=1 λ(Ni)= 1 and hence λ(µn)= 0.
However, if we take a “smaller” regular neighborhoodN ′i so that
∑∞
i=1 λ(N ′i ) < 1, then the
resulting compactumM ′ is still homeomorphic to µn and has a positive Lebesgue measure.
Let Sm = λ|M ′. Then it is not difficult to verify that Sm is a nonatomic, locally positive,
Lebesgue–Stieltjes measure.
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3. The uniqueness of LS measure on µn
The purpose of this section is to prove the following theorem.
Theorem 3.1. Let ν1 and ν2 be nonatomic locally positive LS measures on µn such that
(1) ν1(µn)= ν2(µn) and
(2) νi(∂µn)= 0 for i = 1,2.
Then there exists a homeomorphism h ∈H∂µn(µn) such that ν1 = h∗ν2.
Assuming only the condition (1) above, we still have a homeomorphism h ∈ H(µn)
such that ν1 = h∗ν2. This will be proved in Section 4 for general compact µn-manifolds
(Corollary 4.12). Also notice that the above theorem does not hold for the Cantor set C. In
fact, it is not so difficult to construct two nonatomic, locally positive, LS measures ν1 and
ν2 on C which satisfy the conditions (1) and (2) above, but do not satisfy the conclusion of
the theorem. See, for example, [7] for related results.
We follow the basic scheme of the proof of [16, Theorem 2], but several nontrivial
modifications are necessary. We start with the following lemma, an easy proof of which is
omitted.
Lemma 3.2. Let ν be a nonatomic LS measure on a compact metric space X. For each
ε > 0, there exists a δ > 0 such that, for each subset A of X with diamA< δ, we have that
ν(A) < ε.
Lemma 3.3 (cf. Lemma 6 of [16]). Let ν be a nonatomic LS measure on µn such that
ν(∂µn) = 0. For each α with 0 < α < ν(µn), there exists an open set G ⊂ Int(µn) such
that ν(G)= α.
Proof. We say that H is an (N − 1)-dimensional coordinate plane of IN if H is of the
form
H = I1 × · · · × Ij−1 × {a}× Ij+1 × · · · IN
for some j and a with 0< a < 1. Notice that any finite collection H1, . . . ,Hk of (N − 1)-
dimensional coordinate planes of IN defines a partition of IN and hence a partition
of µn.
Since ν(µn) is finite, there are at most countably many (N − 1)-dimensional coordinate
planes P with ν(µn ∩ P) > 0. It follows easily from this observation that there exists a
sequence (Ti)∞i=1 of partitions of µn defined by (N − 1)-dimensional coordinate planes
such that
(1) mesh(Ti)→ 0 and
(2) for each τ ∈ Ti , we have that ν(∂τ)= 0.
These conditions together with Lemma 3.2 allow us to prove the lemma in exactly the
same way as Lemma 6 of [16]. This completes the proof. 2
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The following lemma contains the technique which will be used repeatedly for the proof
of Theorem 3.1. Recall that, for a collection A and a subset E, ST (E,A) denotes the set
of all members of A which intersect E. Also ST j (E,A) = ST (stj−1(E,A),A), where
sti (E,A)=⋃ST i (E,A). Suppose that A is a partition of a space X and F is a subset of
X which is the union of a subcollection of A. ThenA|F denotes the restriction of A to F ,
that is, the subcollection of A consisting of all members of A which are contained in F .
Lemma 3.4. Let ν be a nonatomic LS measure on µn such that ν(∂µn)= 0. Suppose that
H is an (N − 1)-dimensional coordinate plane in IN of the form
H = I1 × · · · × Ij−1 × {a}× Ij+1 × · · · × IN
where 0< a < 1. Let L=H ∩µn and let M be the set defined by either(
I1 × · · · × Ij−1 × [0, a] × Ij+1 × · · · × IN
)∩µn
or (
I1 × · · · × Ij−1 × [a,1] × Ij+1 × · · · × IN
)∩µn.
For each α with ν(M) 6 α < ν(µn) and for each ε > 0, there exists a homeomorphism
h ∈H∂µn(µn) such that α 6 ν(h(M)) < α+ ε.
Proof. Since ν(∂µn)= 0 and ν is nonatomic, there exists a large index i such that
(1) ν(st(∂µn,Σi)) < (ν(µn)− α)/2 and ν(σ ) < ε for each σ ∈Σi .
Let D = M ∪ cl(µn \ st(∂µn,Σi)). Then ν(µn) = ν(D ∪ st(∂µn,Σi)) 6 ν(D) +
ν(st(∂µn,Σi)) and therefore,
(2) ν(D)> ν(µn)− ν(st(∂µn,Σi))> ν(µn)− (ν(µn)− α)/2> α.
We need to enumerate the cells of Σi which are contained in J = cl(D \ M). This
enumeration is conveniently described by that of the corresponding collection of the
N -cells of Li . For simplicity, let A = I1 × · · · × Ij−1 × [0, a] × Ij+1 × · · · × IN and
B = I1 × · · · × Ij−1 × [a,1] × Ij+1 × · · · × IN . We assume that M = A ∩ µn, and let
K = cl(B \ st(∂IN ,Li )). Note thatA∩K is homeomorphic to IN−1 (recall that I = [0,1])
and is contained in H , and D = (A∪K)∩µn, J =K ∩µn. Also the collection of all N -
cells of Li which are contained in A (respectively K) is denoted by Ai (respectively Ki )
and let Di =Ai ∪Ki .
Let (es)ts=1 be an enumeration of all N -cells of Ki satisfying the conditions (3)–(6)
below.
(3) The N -cells of ST (A,Ki ) are enumerated first, the N -cells of ST 2(A,Ki ) \
ST (A,Ki ) come next, . . . and so on.
(4) For each s, the setsA∪⋃sk=1 ek and cl(K \⋃sk=1 ek) are each homeomorphic to IN .
(5) For each s, the pairs (es, es ∩⋃s−1k=1 ek) and (es, cl(∂es \⋃s−1k=1 ek)) are homeomor-
phic to the standard pair (IN , IN−1 × {0}).
Let Ps = st(es,Di )∩ (A∪⋃s−1k=1 ek) andQs = st(es,Di )∩ cl(K \⋃sk=1 ek). Notice that
st(es,Di )= Ps ∪ es ∪Qs . Then
258 H. Kato et al. / Topology and its Applications 103 (2000) 249–282
Fig. 1.
(6) Each of the pairs (Ps,Ps∩es), (Qs,Qs∩es), (es, cl(∂es \Ps)) and (es, cl(∂es \Qs))
is homeomorphic to the standard pair (IN , IN−1 × {0}). Also, Ps ∪ es and Qs ∪ es
are each homeomorphic to IN .
Now let σs = es ∩ µn for s > 1, M0 =M , Ms = (A ∪⋃sk=1 ek) ∩ µn =M ∪⋃sk=1 σk
for s > 1, and M ′s = cl(K \
⋃s
k=1 ek) ∩ µn = cl(J \
⋃s
k=1 σk). The subcollection {σk |
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k = 1, . . . , t} = {e ∩ µn | e ∈ Di} of Σi is denoted by ∆i . Further let Rs = Ps ∩ µn =
st(σs,∆i |Ms−1) and Ts = Qs ∩ µn = st(σs,∆i | cl(J \ ⋃sk=1 σk)). Then st(σs,Di ) =
Rs ∪ σs ∪ Ts .
Restricting everything to µn, we see from (4)–(6) that these sets satisfy the following
conditions.
(7) For each s > 1, Ms and M ′s are homeomorphic to µn.
(8) For each s > 1, the sets (σs, σs ∩Ms−1) and (σs, cl(∂σs \Ms−1)) are homeomorphic
to (µn,µn0), where µ
n
0 is a Z-set in µ
n which is homeomorphic to µn (recall that
N > 2n+ 2).
(9) For each s, each of the pairs (Rs,Rs ∩ σs), (Ts, Ts ∩ σs), (Rs, cl(∂σs \ Rs)) and
(Ts, cl(∂σs \ Ts)) is homeomorphic to (µn,µn0). And also Rs ∪ σs and Ts ∪ σs are
homeomorphic to µn.
Now let s0 = min{s > 0 | ν(Ms) > α}. By the condition (2), ν(Mt) > α, hence s0 is
well defined. Clearly, ν(Ms0−1) < α. Thus α 6 ν(Ms0) = ν(Ms0−1 ∪ σk) 6 ν(Ms0−1) +
ν(σs0) < α + ε by the condition (1). Hence it suffices to show that there exists a
homeomorphism h ∈H∂µn(µn) such that
h(M)=Ms0 .
Such a homeomorphism is constructed inductively as follows.
Claim. For each s = 1,2, . . . , there exists a homeomorphism hs ∈ H∂µn(µn) such that
hs(Ms−1)=Ms .
Proof. By condition (9), (Rs,Rs ∩ σs) and (Ts, Ts ∩ σs) are homeomorphic to (µn,µn0)
for each s > 1. Also Rs ∪ σs and Ts ∪ σs are homeomorphic to µn. It follows easily from
these that st(σs,Di )=Rs ∪ σi ∪ Ts is homeomorphic to µn as well.
If Fr(st(σs,Di )) does not meet σs , then by the Z-set unknotting theorem together with
conditions (8) and (9), one can define a homeomorphism fs : st(σs,Di )(= Rs ∪ σs ∪ Ts)
→ st(σs,Di ) so that
fs(Rs)=Rs ∪ σs, fs(Ts ∪ σs)= Ts,
fs |Fr
(
st(σs,Di )
)= id
(see Fig. 2(a)).
If Fr(st(σs,Di )) has nonempty intersection with σs , then we take a closed neighborhood
Ns of st(σs,Di ) in µn such that Ns and cl(µn \Ns) are homeomorphic to µn and Fr(Ns)
is a Z-set in both of Ns and cl(µn \Ns). Then again by the Z-set unknotting theorem, we
have a homeomorphism fs :Ns→Ns so that
fs(Rs)=Rs ∪ σs, fs(Ts ∪ σs)= Ts,
fs(Ns ∩Ms−1)=Ns ∩Ms,
fs |Fr(Ns)= id
(see Fig. 2(b)).
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In both cases, the homeomorphism fs is extended to a homeomorphism hs of µn such
that h(Ms−1) = Ms by declaring that hs is the identity outside st(σs,Di ) or Ns . This
completes the proof of claim. 2
The homeomorphism h ∈ H∂µn(µn) we are looking for is defined by the composition
h= hs0 ◦ · · · ◦ h1. This completes the proof of lemma. 2
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The next lemma corresponds to Lemma 7 of [16] and is a key step in our argument.
Lemma 3.5. Let ν be a nonatomic LS measure on µn such that ν(∂µn) = 0. Take an
(N − 1)-dimensional coordinate plane H of IN of the form
H = I1 × · · · × Ij−1 × {a}× Ij+1 × · · · × IN ,
where 0< a < 1 and let
M1 =
(
I1 × · · · × Ij−1 × [0, a] × Ij+1 × · · · × IN
)∩µn
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and
M2 =
(
I1 × · · · × Ij−1 × [a,1] × Ij+1 × · · · × IN
)∩µn.
For each pair α1, α2 of positive numbers such that α1 + α2 = ν(µn), there exists a
homeomorphism h ∈H∂µn(µn) such that ν(h(Mi))= αi for i = 1,2.
Proof. Let H1 = {h ∈ H∂µn(µn) | ν(h(Mi)) > αi, i = 1,2}. By condition (3) of
Definition 2.1, it is easy to see that H1 is a closed subset of H∂µn(µn). Our first claim
is:
Claim. H1 6= ∅.
Proof. If id ∈H1, there is nothing to prove. If not, ν(M1) < α1 or ν(M2) < α2. Assume
the first case and then we have that ν(M2) > α2. Applying Lemma 3.4 to ε = 1/2, we
obtain a homeomorphism h1 ∈H∂µn(µn) such that
(1) α1 6 ν(h1(M1)) < α1 + 1/2 and
(2) h1(M1)=M1 ∪ (the union of a finite collection of cells of Σi1) for some i1 > 1.
Let M1,1 = h1(M1) and M2,1 = cl(µn \M1,1). By the proof of Lemma 3.4, the cells in
cl(h1(M1) \M1) are arranged as (σj )tj=1 in such a way that
ν
(
M1 ∪
t−1⋃
j=1
σj
)
< α1 < ν
(
M1 ∪
t⋃
j=1
σj
)
= ν(M1,1) < α1 + 12
and ν(σt ) < 1/2.
If ν(M2,1)> α2, then h1 is the desired homeomorphism. If not, we proceed to the next
step. For simplicity, σt is denoted by σ 1.
Step 2. Let M̂1,1 = cl(M1,1\σ 1)=M1∪⋃t−1j=1 σj and M̂2,1 =M2,1∪σ 1. Let us estimate
ν(M̂2,1). By the assumption, ν(M2,1) < α2 and ν(M1,1) > α1. Then
α1 + α2 = ν(µn)6 ν(M̂2,1)+ ν(M̂1,1) < ν(M̂2,1)+ α1
and hence
ν(M2,1) < α2 < ν(M̂2,1).
Take a large i2 > i1 and repeat the construction of Lemma 3.4 in σ 1. We have a
homeomorphism which naturally extends to a homeomorphism h2 ∈H∂µn(µn), satisfying
the following conditions.
(2.1) ν(σ ) < 1/4 for each σ ∈Σi2 ,
(2.2) h2(σ 1)⊂ σ 1 and h2| cl[(∂σ 1 \M2,1)∪ (Fr(M2,1 \ σ 1))] = id,
(2.3) h2(M2,1)⊂ M̂2,1 =M2,1 ∪ σ 1, and
(2.4) α2 6 ν(h2(M2,1)) < α2 + 1/4.
Let M2,2 = h2(M2,1) and M1,2 = cl(µn \ M2,2) = h2(M1,1). If ν(M1,2) > α1, then
h= h2 ◦ h1 is the homeomorphism we are looking for. If not, proceed to Step 3.
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Fig. 3.
Step 3. As in Step 2, let σ 2 be the “last cell” of Σi2 that appeared in the construction
of M2,2. Let M̂2,2 = cl(M2,2 \ σ 2) and M̂1,2 =M1,2 ∪ σ 2. By the same computation as in
Step 2, we have that ν(M1,2) < α1 < ν(M̂1,2)6 α1+ 1/4. Now repeat the same process of
Step 2 for the cell σ 2 andM1,2. ThenM1,2 is “enlarged” to a setM1,3 by a homeomorphism
h3 ∈H∂µn(µn) satisfying:
(3.1) i3 > i2 is so large that ν(σ ) < 1/23 for each σ ∈Σi3 ,
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(3.2) h3(σ 2) \ σ 2 and h3| cl[(∂σ 2 \M1,2)∪ (Fr(M1,2 \ σ 2))] = id,
(3.3) M1,2 ⊂ h3(M1,2)⊂ M̂1,2 =M1,2 ∪ σ 2, and
(3.4) α1 6 ν(h3(M1,2)) < α1 + 1/8.
Let M1,3 = h3(M1,2) and M2,3 = h3(M2,2)= cl(µn \M1,3). If ν(M2,3)> α2, then we
are done. If not, we repeat the above step to enlargeM2,3.
Continuing this process, we obtain a sequence (hi)⊂H∂µn(µn) and a sequence of cells
(σ i)⊂Σ∞ so that supp hi ⊂ σ i , and σ 1 ⊃ σ 2 ⊃ · · · , and limσ i = {q}, a point. Define a
homeomorphism as h= limhi ◦ hi−1 ◦ · · · ◦ h1. It is easy to see that the limit exists and h
is a continuous surjection. Furthermore we have from the construction that
h−1(q)= {p},
a one point set and for each point x ∈ µn \ {p}, there exists an integer k(x) such that
h(x)= hk(x) ◦ hk(x)−1 ◦ · · · ◦ h1(x).
It follows from the above that h is indeed a homeomorphism and satisfies the desired
conditions. This completes the proof of claim. 2
Returning the proof of the lemma, define
En =
{
h ∈H1 | ν(h(M1))> α1 + 1/n
}
.
We prove that En is nowhere dense in H1. Let M3 = M1 ∩ M2 = H ∩ µn. Suppose
that a homeomorphism h ∈ En is given. Consider the measure h∗ν, then by definition,
h∗ν(M1)> α1 + 1/n and h∗ν(M2)> α2. Note that
h∗ν(M1)+ h∗ν(M2)− h∗ν(M3)= h∗ν(µn)= ν(µn)= α1 + α2,
and hence
hν∗(M3)= h∗ν(M1)+ h∗ν(M2)− α1 − α2 > h∗ν(M1)− α1 > 0.
Also h∗ν|M3 defines a nonatomic LS measure on M3 so that
(h∗ν|M3)(M3 ∩ ∂µn)= 0.
For arbitrarily given η with 0 < η < 1/4n, we see from the proof of Lemma 3.3 that
there exist a large index i and finitely many cells σ1, . . . , σt of Σi which do not intersect
∂µn such that
h∗ν
(
t⋃
s=1
σs ∩M3
)
6 h∗ν(M1)− α1 − 1/2n6 h∗ν
(
t⋃
s=1
σs ∩M3
)
+ η (4)
and
h∗ν
(
t⋃
s=1
σs
)
6 h∗ν
(
M3 ∩
t⋃
s=1
σs
)
+ η.
We define in the sequel a homeomorphism g ∈H∂µn(µn) close to id such that g(M3)⊂
M1 and g(M2)⊃M2.
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In spite of the technical complexity of the following description, the basic idea is very
simple. We push H slightly into M1, keeping the boundary ∂µn fixed.
Recall that H = {(t1, . . . , tN ) ∈ IN | tj = a}. Let es be the N -cell of Li such that
σs = es ∩µn. We may assume that there are α and β with α 6 a < β such that, for each s,
es is of the form;
es =
[
a1s , b
1
s
]× · · · × [aj−1s , bj−1s ]× [α,β] × [aj+1s , bj+1s ]× · · · × [aNs , bNs ].
First we assume that
⋃t
s=1 es is connected.
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Let P be the (N − 1)-dimensional coordinate plane defined by; P = {(t1, . . . , tN ) | tj =
β} and let R = {(t1, . . . , tN ) | tj > β}. Some cells es1 and es2 may intersect in the face of
dimension < N − 1. If this happens, we go into a deeper stage Lj , j > i and replace the
intersection es1 ∩ es2 by st (es1 ∩ es2,Lj ). Repeating this procedure for all intersections of
low dimensions, we may assume that the cells (es)ts=1 are arranged so that
es ∩
(
s−1⋃
k=1
ek ∪R
)
and cl
(
∂es \
s−1⋃
k=1
ek ∪R
)
are homeomorphic to (N − 1)-balls. Restricting everything to µn, the above condition
implies that
σs ∩
(
s−1⋃
k=1
σk ∪N2
)
and cl
(
∂σs \
s−1⋃
k=1
σk ∪N2
)
(5)
are homeomorphic to µn where N2 =R ∩µn.
The method of Lemma 3.4 applies to this situation and we obtain a homeomorphism
g ∈H∂µn(µn) such that M1 \⋃ts=1 σs ⊂ g(M1)⊂M1 \⋃ts=1 σs ∩M3, and g(M2)⊃M2,
g(M3)⊂M1.
If
⋃t
s=1 es is not connected, then we decompose the set into components and apply the
above process to each component separately. Then we have a homeomorphism with the
above property. If we take a sufficiently fine partition, g can be chosen to be close to id.
Now we claim that hg ∈H1 \En.
Since
ν
(
hg(M1)
)= h∗ν(g(M1))6 h∗ν(M1 \ t⋃
s=1
σs ∩M3
)
6 h∗ν(M1)− h∗ν(M1)+ α1 + 1/2n+ η
< α1 + 1/n
(the second inequality follows from condition (4)), we see that hg /∈En. Also ν(hg(M2))>
ν(h(M2))> α2, because h ∈H1. And
ν
(
hg(M1)
)= h∗ν(g(M1))
> h∗ν
(
M1 \
t⋃
s=1
σs
)
= h∗ν(M1)− h∗ν
(
t⋃
s=1
σs
)
> h∗ν(M1)− h∗ν
(
t⋃
s=1
σs ∩M3
)
− η
> α1 + 1/2n > α1
(the second inequality follows from condition (4) and the fact that η < 1/4n). These two
mean that hg ∈H1.
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This completes the proof that En is nowhere dense. Similarly the set Fn = {h ∈ H1 |
ν(h(M1))> α2 + 1/n} is nowhere dense. The Baire theorem implies that the set
H1 \
( ∞⋃
n=1
En ∪
∞⋃
n=1
Fn
)
is dense and any homeomorphism which belongs to that set satisfies the desired condition.
This completes the proof of lemma. 2
Repeated applications of the lemma above yield the following.
Lemma 3.6. Let ν be a nonatomic LS measure on µn such that ν(∂µn) = 0. For each
i and for each sequence (ασ )σ∈Σi with ασ > 0 and
∑
σ∈Σi ασ = ν(µn), there exists a
homeomorphism h ∈H∂µn(µn) such that ν(h(σ ))= ασ for each σ ∈Σi .
(Cf. Lemma 8 of [16].)
Lemma 3.7. Let ν be a nonatomic LS measure on µn such that ν(∂µn)= 0. There exists
a homeomorphism h ∈H∂µn(µn) such that ν(h(∂σ))= 0 for each σ ∈Σ∞.
Proof. The partition Σi is determined by a finite collection of (N − 1)-dimensional
coordinate planes. Let (Pj ) be the collection of all coordinate planes which appear as the
member of such planes for some i . Let M be a “side” of IN separated by Pj , that is, the
closure of one of the components of IN \ Pj . Also let Rj = Pj ∩µn and Mj =M ∩µn.
Let E(j, k) = {h ∈ H∂µn(µn) | ν(h(Rj )) > 1/k}. We claim that the set E(j, k) is
nowhere dense.
Take an ε > 0 so small that the ε-neighborhoodNε(Rj ) of Rj satisfies
ν
(
Nε(Rj )
)
6 ν(Rj )+ 1/2k.
Such a choice is possible by the condition (3) of Definition 2.1.
Take a sequence (σs)∞s=1 of cells in Σ∞ satisfying the following conditions.
(1) For each s > 1, the sets σs ∩ cl(⋃s−1l=1 σl ∩ Rj) and cl(∂σs \⋃s−1l=1 σl ∩ Rj) are
homeomorphic to µn.
(2) diamσσ → 0 as σs approaches to ∂µn.
(3) Rj ⊂⋃∞s=1 σs ⊂Nε(Rj )∩Mj and FrM(⋃∞s=1 σs)∩Rj ⊂ ∂µn.
The method of Lemma 3.4 is applied once again to construct a homeomorphism
h ∈H∂µn(µn) such that h(Rj )⊂Nε(Rj ) and h(Rj )∩Rj ⊂ ∂µn. Then we have that
ν
(
h(Rj )∩Rj
)= 0 and ν(h(Rj )∪Rj )6 ν(Rj )+ 1/2k.
It follows easily from the above that ν(h(Rj ))6 1/2k < 1/k. The homeomorphism h can
be chosen arbitrarily close to id.
Now given a homeomorphism g ∈E(j, k), consider the measure g∗ν to which we apply
the above argument. There is a homeomorphism h ∈ H∂µn(µn) which is close to id such
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that g∗ν(h(Rj ))= ν(gh(Rj )) < 1/k. Also gh is arbitrarily close to g. This shows that the
set E(j, k) is nowhere dense in H∂µn(µn). The Baire Theorem implies that the set
H∂µn(µ
n)\
∞⋃
j,k=1
E(j, k)
is dense and any homeomorphism which belongs to that set is the one we are looking for.
This completes the proof of lemma. 2
Proof of Theorem 3.1. Proceeds in exactly the same way as the one of Lemma 11 of [16]
via these lemmas. Here is an outline of the argument.
Let νj be nonatomic locally positive LS measures on µn (j = 1,2). First of all we can
prove the following statement (cf. [16, Lemma 10]) by applying Lemmas 3.6, 3.7.
For each ε > 0, there exist an integer i and homeomorphisms gj ∈H∂µn(µn), j = 1,2,
such that
ν1
(
g1(σ )
)= ν2(g2(σ )) and νj (gj (∂σ ))= 0 for each σ ∈Σi,
and also
diamgj (σ ) < ε for j = 1,2.
Repeated applications of the above yield a sequence (ni) of integers and sequences of
homeomorphisms (gij )
∞
i=1, j = 1,2 of H∂µn(µn) such that
(1) mesh(Σni ) < εi < diam(µn)/2n and mesh(gij (Σni )) < εi for each i, j .
(2) gij (σ )= gi−1j (σ ) for each σ ∈Σni−1 and i, j .
(3) ν1(gi1(σ ))= ν2(gi2(σ )) and νj (gij (∂σ ))= 0 for each σ ∈Σni .
Conditions (1) and (2) guarantee that the limit
gj = lim
i→∞g
i
j
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exists and is indeed a homeomorphism for j = 1,2. By condition (3), we have that
ν1
(
gi1(σ )
)= ν2(gi2(σ )) for each σ ∈ ∞⋃
i=1
Σni
and
νj
(
gj (∂σ )
)= 0 for each σ ∈Σnj .
It follows from these conditions that, for any open set G of µn, ν1(g1(G))= ν2(g2(G))
and hence g∗1ν1 = g∗2ν2. This completes the proof. 2
A generalization of Theorem 3.1 to compact µn-manifolds will be given in Section 4
(Theorem 4.11 and Corollary 4.12).
4. Ergodic homeomorphisms of compact Menger manifolds
Definition 4.1. A homeomorphism f :X → X of a compact metric space X with a
measure ν is said to be ν-ergodic if, for each ν-measurable set E such that f−1(E)= E,
we have either ν(E)= 0 or ν(E)= ν(X).
In this section we consider nonatomic, locally positive, LS measures on compact Menger
manifolds and ergodic homeomorphism with respect to those measures.
Remark 4.2. Suppose that a measure ν on a compact metric space X is locally positive.
If a homeomorphism f :X→ X is ν-ergodic, then it is topologically transitive, that is, it
has a dense orbit.
In what follows, E(X,ν) denotes the subspace of H(X,ν) consisting of all ν-ergodic
homeomorphisms of X. The goal of this section is to prove the following theorem which
is a Menger manifold analogue of Theorem 1 of [16].
Theorem 4.3. Let M be a compact µn-manifold and let ν be a nonatomic locally positive
LS measure on M . Then the set E(M,ν) is a dense Gδ subset of H(M,ν).
The following corollary answers a question posed by several people ([1,9] et al.).
Corollary 4.4. There exists a transitive homeomorphism on each compact µn-manifold.
Again, we use the same scheme as in the proof of [16, Theorem 1] with some
modifications. The following result was proved in [8] for the Freudenthal compactifications
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of µn-manifolds. For a compact µn-manifold, a simpler proof, which we sketch here for
the sake of completeness, is available (cf. [16, Lemma 1]).
Proposition 4.5. Let M be a compact µn-manifold. There exists a surjection f :µn→M
such that
(1) f−1f (∂µn)= ∂µn, and
(2) f | :µn \ ∂µn→M \ f (∂µn) is a homeomorphism.
In the sequel, the image f (∂µn) is denoted by Sf .
Proof (Sketch). By the triangulation theorem [2], there exists a decreasing sequence
M1 ⊃ M2 ⊃ · · · of compact N -dimensional PL manifolds such that Mi is a regular
neighborhood of the n-skeleton of Mi−1 with respect to a suitable triangulation Ti−1, and
M is homeomorphic to
⋂∞
i=1Mi . The argument in the first paragraph of the paper [4] states
that there exists a finite-to-one PL map f : IN →M1 such that
(1) f−1f (∂IN)= ∂IN and f (∂IN) is an (N − 1)-dimensional polyhedron,
(2) f : IN \ ∂IN →M1 \ f (∂IN) is a homeomorphism, and
(3) there exists a triangulation T of IN such that f |σ :σ → f (σ) is a linear
homeomorphism for each N -simplex σ ∈ T .
Let Li = f−1(Mi) and L = ⋂∞i=1Li . The condition (3) guarantees that each Li
is a regular neighborhood of the n-skeleton of Li−1 with respect to the triangulation
f−1(Ti−1). This implies that L is a µn-manifold which is easily seen to be homeomorphic
to µn. Also it is clear that L ∩ ∂IN is a Z-set in L and is homeomorphic to µn (recall
that N > 2n + 2). By the Z-set unknotting theorem, there exists a homeomorphism
h :µn → L such that h(∂µn) = L ∩ ∂IN . The map (f |L) ◦ h :µn → M satisfies the
required conditions. 2
We would like to “improve” the above map in the sequel so as to fit in with our purpose.
Let us begin with the following lemma.
Lemma 4.6. Let F be a closed set ofµn with F ∩∂µn = ∅. There exists a homeomorphism
f ∈H∂µn(µn) such that f (F )∩ F = ∅.
There are several ways to define such a homeomorphism. For example, see [11,
Lemma 2.1], or we may use the Z-set unknotting theorem.
Proposition 4.7. Let F be a nowhere dense closed subset of a compact µn-manifold M .
Suppose that ν is a nonatomic LS measure on M and a closed subset Z satisfies ν(Z)= 0.
Then the set
NFZ (M,ν)=
{
f ∈HZ(M) | ν(f (F ))= 0
}
is a dense Gδ subset of HZ(M).
Proof. Here we use the method of Lemma 1 of [14]. Let NF,εZ (M,ν) = {f ∈ HZ(M) |
ν(f (F )) < ε}. By the condition (3) of Definition 2.1, it is easy to see that NF,εZ is open in
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HZ(M). The Baire theorem reduces the proof of the conclusion to the verification of the
fact that NF,εZ is dense. Let η > 0 be a given positive number.
By condition (3) of Definition 2.1, there exists an open set V ⊃Z such that ν(V ) < ε/4.
Let E = F \ V . It is a closed set and does not meet Z. Clearly ν(V ∩F) < ε/4.
The proof of Lemma 1 of [14] together with condition (3) of Definition 2.1 implies that
there exist a disjoint collection C1, . . . ,Cl of compact subsets of E and an open set G
containing E such that
(1) E ⊂G⊂M \Z.
(2) ν(G \⋃ls=1Cs) < ε/2 and diamCs < η.
(3) Each Cs is contained in the interior of a compact set Ks such that Ks and FrKs
are homeomorphic to µn, and FrKs is a Z-set in Ks. Further, the collection {Ks} is
mutually disjoint and ⋃ls=1Ks ⊂G for each s.
By Lemma 4.6, there exists a homeomorphism gs :Ks→Ks such that
gs |Fr(Ks)= id and gs(Cs)∩E = ∅.
Then the map
⋃
gs :
⋃
Ks→⋃Ks extends to a homeomorphism g :M→M by declaring
that g = id outside ⋃ls=1Ks . Clearly g is η-close to id and by the definition, g|Z = id.
Further, condition (3) implies that
g
(
l⋃
s=1
Cs
)
⊂G \E and hence g−1(E)⊂G \
l⋃
s=1
Cs. (4)
By taking a small Ks if necessary, we may assume, by the regularity of ν once more,
that ν(g−1(F ∩ V )) < ε/2. Therefore,
ν
(
g−1(F )
)= ν(g−1((F ∩ V )∪E))
= ν(g−1(F ∩ V ))+ ν(g−1(E))
6 ε
2
+ ν
(
G \
l⋃
s=1
Cs
)
< ε.
Now, for a given homeomorphism h ∈ H(M), consider the LS measure h∗ν and apply
the above argument to that measure. There exists a homeomorphism g which is close to id
such that h∗ν(g(F ))= ν(hg(F )) < ε. This means that NF,εZ (M,ν) is dense in HZ(M).
This completes the proof. 2
Notice that, for any pair ν1 and ν2 of nonatomic, locally positive, LS measures on a
compact µn-manifoldM , the set NFZ (M,ν1)∩NFZ (M,ν2) is dense in HZ(M).
Proposition 4.8. Let M be a compact µn-manifold and νj be nonatomic, locally positive,
LS measures on M , j = 1,2.
(1) The map f :µn→M of Proposition 4.5 can be chosen so that
νj (Sf )= 0 for j = 1,2. (3)
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(2) For any Z-set Z in M such that ν(Z)= 0, the map f above can be chosen so as to
satisfy condition (3) and in addition,
Sf ⊃Z. (4)
Proof. We prove the second statement. First let f0 be the map of Proposition 4.5. It is easy
to see that
f−10 (Z)∪ ∂µn is a Z-set in µn.
Take a homeomorphism g ∈ H(µn) such that g(f−10 (Z) ∪ ∂µn) ⊂ ∂µn. Then f0 ◦
g−1 :µn → M is easily seen to satisfy conditions (1) and (2) of Proposition 4.5, and
moreover Sf0◦g−1 = f0g−1(∂µn) ⊃ Z. Since Sf0◦g−1 is a nowhere dense closed set by
the construction, there exists a homeomorphism h :M → M such that h|Z = id and
νj (h(Sf0◦g−1)) = 0, j = 1,2, by Proposition 4.7 and the remark after that proposition.
Then f = h ◦ f0 ◦ g−1 is the required map. 2
In the rest of this section, the map f :µn→M with property (3) of Proposition 4.8
as well as properties (1), (2) of Proposition 4.5 is (temporarily) called a resolution. This
terminology is not commonly used.
By the same proof as that of Lemma 2 of [16], we have that
Lemma 4.9. For any nonatomic LS measure ν on a compact µn-manifold M and for
any resolution f :µn→M , the measure f ∗ν on µn is a nonatomic, locally positive, LS
measure such that f ∗ν(∂µn)= 0.
By the uniqueness of the measure on µn (Theorem 3.1), we have that
Theorem 4.10. For any nonatomic, locally positive, LS measure ν on a compact µn-
manifold M such that ν(M) = m(µn) = 1, there exists a resolution (in the sense above)
f :µn→M such that f ∗ν =m.
Moreover, for any given Z-set Z inM such that ν(Z)= 0, the above map can be chosen
so that Sf ⊃Z.
Proof (of the second statement) . For a given Z-set Z with ν(Z) = 0, take a resolution
f :µn → M such that Sf ⊃ Z by Proposition 4.8. Consider the pull back measure
f ∗ν which is a nonatomic locally positive LS measure on µn with f ∗ν(∂µn) = 0 by
Lemma 4.9. Applying Theorem 3.1, there exists a homeomorphism h ∈ H∂µn(µn) such
that f ∗ν = h∗m. It is easy to see that f ◦ h−1 satisfies the required condition. 2
As another application of Proposition 4.8, we generalize Theorem 3.1 to any compact
µn-manifold as follows.
Theorem 4.11. Let M be a compact µn-manifold and let νj be a nonatomic, locally
positive LS measure on M , j = 1,2 such that ν1(M) = ν2(M). For a given Z-set Z in
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M with νj (Z) = 0 for j = 1,2, there exists a homeomorphism h ∈ HZ(M) such that
ν2 = h∗ν1.
Applying the above to Z = ∅, we have the following.
Corollary 4.12. Let M be a compact µn-manifold and let νj be a nonatomic, locally
positive, LS measure on M , j = 1,2, such that ν1(M) = ν2(M). Then there exists a
homeomorphism h ∈H(M) such that ν2 = h∗ν1.
Proof of Theorem 4.11. Take a resolution f :µn→M as in Proposition 4.8(2) for a given
Z-setZ and νj , j = 1,2. By Lemma 4.9, f ∗νj is a nonatomic, locally positive, LS measure
onµn such that f ∗νj (∂µn)= 0, j = 1,2. Theorem 3.1 applies to obtain a homeomorphism
h ∈ H∂µn(µn) such that f ∗ν1 = h∗f ∗ν2. Then h¯ = f ◦ h−1 ◦ f−1 :M →M is a well-
defined homeomorphism such that h¯|Sf = id. In particular, h¯ fixes the points of Z. It is
easy to see that h¯∗ν1 = ν2, and hence h¯ is the required homeomorphism. 2
The same proof as the one of [15, Theorem 4] works word for word, via Theorem 4.11,
to obtain the measure preserving Z-set unknotting theorem.
Theorem 4.13. Let M be a compact µn-manifold and ν be a nonatomic locally positive
LS measure on M . Suppose that A and B are Z-sets in M and h :A→ B is a ν-measure
preserving homeomorphism. If h extends to a homeomorphism of M , then the extension
can be chosen to be ν-measure preserving.
Corollary 4.14. Let ν be a nonatomic locally positive LS measure on µn. Any ν-measure
preserving homeomorphism h :A→ B between Z-sets A and B extends to a ν-measure
preserving homeomorphism of µn.
Every µn-manifoldM is locally homogeneous in the following sense [2]: For each point
p ∈M and for each neighborhood U of p, there exists a neighborhood V of p such that
p ∈ V ⊂U and
for each point q ∈ V, there exists a homeomorphism h :M→M
such that h(p)= q and h|M \U = id .
The following result, which is a simple consequence of the above, enables us to carry
out a standard perturbation trick in a measure preserving way.
Proposition 4.15. Let ν be a nonatomic locally positive LS measure on a compact
µn-manifold M . For each p ∈ M and for each neighborhood U of p, there exists a
neighborhood V of p contained in U such that
for each point q ∈ V, there exists a homeomorphism h ∈HM\U(M,ν)
such that h(p)= q.
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Proof. It is easy to see that there exists a uncountable collection {Nt }t∈[0,1] of closed
neighborhoods of p such that Nt and FrNt are homeomorphic to µn, FrNt is a Z-set in
Nt , and
⋂
06t61Nt = {p}. Since ν(M) <∞, there are at most countably many t’s such
that ν(FrNt) > 0. Therefore, there exists a sequence (Ni)∞i=1 such that
for each i, Ni and FrNi are homeomorphic to µn,
(Ni)
∞
i=1 forms a neighborhood basis at p and ν(FrNi)= 0.
Thus the proof of proposition reduces to the proof of the following claim.
Claim. Let ν be a nonatomic, locally positive, LS measure on µn and suppose that there
exists a Z-set Z in µn which is homeomorphic to µn and has ν-measure zero. For each
pair p,q of distinct points of µn \ Z, there exists a homeomorphism h ∈HZ(µn, ν) such
that h(p)= q .
Now the above claim is easily proved from Corollary 4.14 and we have finished the
proof. 2
Repeated applications of Proposition 4.15 yield the following (cf. [16, Lemma 13]).
Proposition 4.16. Let ν be a nonatomic, locally positive LS measure on a compact µn-
manifold M . For each k and for each pair of k-tuples of distinct points p1, . . . , pk and
q1, . . . , qk , there exists a homeomorphism h ∈H(M,ν) such that h(pi)= qi for each i.
A metric d on a compact connected metric space X is said to be convex if, for each pair
x, y of points ofX, there exists a point z ∈Z such that d(x, z)= d(y, z)= d(x, y)/2. Such
point z is called a midpoint of x and y . It is known that every locally connected, compact,
connected metric space admits a compatible convex metric. For µn, such a metric can
be constructed by means of the partitions described in Section 1, but we do not need the
specific construction in the sequel. The ε-closed (open, respectively) ball centered at p is
denoted by Bε(p) (Uε(p), respectively).
Fix a convex metric d on a locally connected, compact, connected, metric space X and
a locally positive, LS measure ν on X. For a δ > 0 define
η(δ)= inf{ν(Bδ(a)∩Bδ(b)) | d(a, b)= δ}.
For two points a, b of X with d(a, b)= δ, notice that Bδ/2(c)⊂ Bδ(a)∩Bδ(b), where c is
a midpoint of a and b. By a compactness argument, it is easy to see that inf{ν(Bδ/2(q)) |
q ∈X}> 0, which implies that η(δ) > 0.
It follows from the above observation that the proof of Lemma 14 of [16] works word
for word to prove the following which will be applied in the proof of Theorem 4.3 as well
as in the next section.
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For a map h :X → X, a δ > 0 and a point p ∈ X, let (hUδ)(p) = h(Uδ(p)), and
inductively let (hUδ)λ(p)= (hUδ)((hUδ)λ−1(p)) for each positive integer λ.
Proposition 4.17. Let ν be a nonatomic, locally positive, LS measure on a locally
connected, compact, connected, metric space X and let D be a subset of X with ν(D) =
ν(X). For each δ > 0, there exists a positive integer λ = λ(δ,D) > 0 such that, for each
homeomorphism h ∈H(D,ν|D) and for each point p ∈D, we have that (hUδ)λ(p)=D.
To state the metric density theorem forµn and the measurem, we prepare some notation.
For a point p = (pi) ∈ µn ⊂ IN and ε > 0, let
Dε(p)=
N∏
i=1
[
pi − 12ε,pi + 12ε
]∩µn.
For an m-measurable set E of µn, let
ρp(E)= lim
ε→0
m(E ∩Dε(p))
m(Dε(p))
if the limit exists. It is called the metric density of E at p. Using the sequence (Σi) of
partitions in Section 1 instead of the sequence of nets in the sense of [6, §15], the same
proofs as those in [6, pp. 137–140], work to establish the following theorem.
Theorem 4.18. For any m-measurable set E of µn, we have that
ρp(E)= 1 almost everywhere on E and
ρp(E)= 0 almost everywhere on µn \E.
As was mentioned previously, our proof of Theorem 4.3 is in the same scheme of
the one of [16, Theorem 1]. In what follows we sketch the proof, indicating necessary
modifications.
Given a compact µn-manifoldM and a nonatomic, locally positive LS measure ν onM ,
let f :µn→M be a resolution satisfying the condition of Theorem 4.10 for ν. Enumerate
all cells of Σ∞ as (σi)∞i=1. For each i, j such that σi, σj ∈Σq for some q , let
Ei,j =
h ∈H(M,ν)
∣∣∣∣∣∣∣∣∣
there exists a Borel set A such that h(A)=A,
ν(A∩ f (σi)) > 34ν(f (σi)), and
ν(A∩ f (σj )) < 14ν(f (σj ))
 .
By replacing the Lebesgue’s density theorem with Theorem 4.18, the argument in [16,
p. 885] works to prove that
H(M,ν) \
∞⋃
i,j=1
Eij ⊂E(M,ν).
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To prove that E(M,ν) is dense inH(M,ν), it is thus sufficient to show thatEij is nowhere
dense. For this purpose, we need the following lemma which corresponds to Lemma 5
of [16].
Recall that Int(µn)= µn \ ∂µn.
Lemma 4.19. Let G be an open subset of Int(µn) with m(G) = m(µn) and let g :G→
g(G) be an m-measure preserving homeomorphism on G onto an open set of Int(µn). For
each ε > 0 and for each i > 1, there exist homeomorphisms h1, h2 ∈H∂µn(µn) which are
ε-close to id, a closed set F in the interior of a cell ∈Σi , and an integer K > 1 satisfying
the following conditions.
(1) The homeomorphism h1 ◦ g ◦ h2 :h−12 (G)→ h1g(G) is m-measure preserving and
m(h−12 (G))=m(h1g(G))=m(µn).
(2) The collectionO(F )= {(h1◦g◦h2)l(F ) | 16 l 6K ·(]Σi)} is a disjoint collection.
(3) For σ ∈ Σi , let Oσ = {(h1 ◦ g ◦ h2)l(F ) | (h1 ◦ g ◦ h2)l(F ) ⊂ int(σ ),1 6 l 6
K · (]Σi)}. Then ]Oσ =K for each σ ∈Σi.
(4) ∑E∈Oσ (m(E))=m(σ)/2 for each σ ∈Σi .
Having the above lemma at hand, we can prove Theorem 4.3 as follows (cf. [16, pp. 885–
886]).
Clearly we may assume that ν(M) = 1. Suppose that σi, σj ∈ Σq . Given a home-
omorphism h ∈ H(M,ν), take a resolution f :µn → M as in Theorem 4.10 and let
G= Int(µn)∩ (f−1h−1f (Int(µn))) andH = f−1hf (G). Then g = f−1 ◦h◦f | :G→H
is an m-measure preserving homeomorphism between open sets of Int(µn) and it is easy
to see that m(G) = m(µn). Apply the above lemma to g and q to obtain small homeo-
morphisms h1, h2 ∈ H∂µn(µn), an integer i > 1, and a closed set F satisfying the condi-
tions (1)–(3) of Lemma 4.19. Then h1 ◦g ◦h−12 :h2(G)→ h1(H) is anm-measure preserv-
ing homeomorphism. Now f ◦ h1 ◦ f−1 and f ◦ h2f−1 are homeomorphism on M which
preserve the measure ν, and so is k = (f ◦h1 ◦ f−1) ◦h ◦ (f ◦h2 ◦ f−1). Furthermore, the
collections {kl(f (F )) | 06 l 6K · (]Σq)} and {f (σ) | σ ∈Σq} satisfy conditions similar
to those of Lemma 4.19. The same estimation as the one given in [16, pp. 885–886], via
conditions (2), (3) of Lemma 4.19 and the fact that f preserves the measures m and ν,
reveals that k /∈ Eij . Since h1 and h2 may be chosen so as to be arbitrarily close to id, k
can be arbitrarily close to h. This means that Eij is nowhere dense.
That E(M,ν) is a Gδ set in H(M,ν) follows from exactly the same proof as the one
given in [16, pp. 904–905].
So it remains to prove Lemma 4.19. As for Lemma 5 of [16], the proof is based on the
following result (cf. [16, Lemma 15]). For a homeomorphism f :X→X of a space X and
for a point z ∈X, orb(z : f ) denotes the orbit {f l(z) | l ∈ Z} of z under f .
Lemma 4.20. Let D be a subset of µn such that m(D) = m(µn). For each m-measure
preserving homeomorphisms g :D→D and for each ε > 0 and for some sufficiently large
integer i > 1, there exist homeomorphisms s1, s2 ∈H∂µn(µn) which are ε-close to id and
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a point p ∈ int(σ )⊂ σ ∈Σi such that p is a periodic point of s2 ◦ s1 ◦ g ◦ s−12 of period
]Σi such that
]
(
orb(p : s2 ◦ s1 ◦ g ◦ s−12 )∩ σ
)= 1
for each σ ∈Σi .
To prove the above lemma, take a partition Σi0 with mesh < ε and take a large integer
i > i0. We first apply the Birkoff Ergodic Theorem to find points which are “distributed
almost uniformly” among all cells of Σi0 [16, pp. 897–898]. Applications of Proposi-
tion 4.17 allow us to modify these points into (q ′t )st=1 which are mutually distinct, but may
not form a periodic orbit of the homeomorphism g. By adjusting s if necessary, we may
assume that s = ]Σi . Now Proposition 4.16 comes here to perturb g by a homeomorphism
s1 which is ε-close to id so that s1(g(q ′t ))= q ′t+1 for each t = 1, . . . , s, where q ′s+1 = q ′1.
Pick up a point bσ ∈ Int(σ ) for each σ ∈Σi . It turns out, by the argument of [16, pp. 899–
900], that these points can be arranged as (q ′′t )st=1 such that q ′t and q ′′t are contained in
the union of two adjacent cells of Σi . Apply Proposition 4.16 again to obtain a small
homeomorphism s2 so that s2(q ′t )= q ′′t for each t . Then s2 ◦ s1 ◦g ◦ s−12 and p = q ′′1 satisfy
the desired conditions.
Lemma 4.19 follows from Lemma 4.20, basically by replacing the point p above with
a tiny Cantor set C which is contained in int(σ ) together with a measure which is positive
on C, and by appealing to Theorem 3.1.
For a homeomorphism g given in the hypothesis of Lemma 4.19, take small home-
omorphisms s1 and s2, and a point p ∈ σ ∈ Σi as in Lemma 4.20. For simplicity, let
g1 = s2 ◦ s1 ◦ g ◦ s−12 . Enumerate the cells of Σi as (σl)sl=1 such that bσl = gl1(p) ∈ σl
for each l. Take a small Cantor set C which is a Z-set in int(σ ) such that gl1(C)⊂ int(σl)
for each l. Observe that gs1(C) may not be equal to C and we need to perturb g1 by a small
measure preserving homeomorphism s3 so that (s3 ◦ g1)s(C) = C. The existence of such
a homeomorphism is guaranteed by the next sublemma (cf. Lemmas 16–17 of [16]) which
is a direct consequence of Corollary 4.14.
Sublemma 4.21. Let σ ∈Σ and take a Cantor set C which is a Z-set in σ . Suppose that
h :σ → h(σ) is an m-preserving embedding into µn so that h(C) is a Z-set in σ . Then
there exists an m-preserving homeomorphism s ∈H∂µn(µn,m) such that s ◦ h(p)= p for
each p ∈C.
Proof. Apply Corollary 4.14 to the map (h−1|C)∪ id :C ∪ ∂µn→ h−1(C)∪ ∂µn. Notice
that both of these sets are Z-sets. 2
Returning to the proof of Lemma 4.19, we notice that C ∪ gs1(C) ⊂ int(σ ) and
σ is homeomorphic to µn. Applying the above sublemma to gs1|C :C → σ , there
exists a homeomorphism s3 :σ → σ such that s3|∂σ = id and s3 ◦ gs1|C = idC . That
homeomorphism naturally extends to the homeomorphism s3 of µn by declaring that
s3 = id outside σ . It is easy to see that the homeomorphism g2 = s3 ◦ g1 satisfies
gl2(C)⊂ int(σl) for each l = 1, . . . , s
278 H. Kato et al. / Topology and its Applications 103 (2000) 249–282
and
gs2(C)= C.
By exactly the same argument as in [16, pp. 903–904], replacing the Cantor set C with an
appropriate closed set F , one can see that g1 = s3 ◦ s2 ◦ s1, g2 = s−12 and F satisfy the
desired conditions of Lemma 4.19.
This completes the proof of Theorem 4.3. 2
5. Measure preserving homeomorphisms and chaotic homeomorphisms
In this section, we study the existence of chaotic homeomorphisms of regularly
connected polyhedra of dimension n > 2 and Menger manifolds. Recall that an n-
dimensional compact connected polyhedron P is said to be regularly connected if the
set
{x ∈ P | x has an open neighbourhood which is homeomorphic to Rn}
is a connected, dense open subset of P . Our results on these spaces can be formulated in a
single framework which will be given later.
Definition 5.1. Let f :X→X be a map of a compact metric space X. A subset S of X is
called a scrambled set of f if there is a positive number τ > 0 such that for any x, y ∈ S
with x 6= y ,
(1) lim supn→∞ d(f n(x), f n(y)) > τ,
(2) lim infn→∞ d(f n(x), f n(y))= 0.
If there is an uncountable scrambled set S of f , then we say that f is chaotic (on S) in
the sense of Li–Yorke. The original definition given in [13] requires one more condition:
for any x ∈ S and any periodic point p ∈X, lim supn→∞ d(f n(x), f n(p)) > 0. However
it is now known that this condition is redundant (cf. Lemma 28 of [3, p. 144]).
In [13], it is proved that if a map f : [0,1]→ [0,1] has a periodic point with period 3,
then f is chaotic in the sense of Li–Yorke.
Definition 5.2.
(1) A map f :X→X of a compact metric space X is chaotic in the sense of Devaney if
(a) f has sensitive dependence on initial conditions, i.e., there exists τ > 0 such that
for any x ∈ X and any neighborhood U of x in X, there exists a point y ∈ U
such that
d
(
f n(x), f n(y)
)
> τ
for an integer n> 1,
(b) f is topologically transitive, i.e., the orbit of some point under the map f is
dense in X,
(c) the set of all periodic points is dense in X.
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(2) A map f :X→X of a compact metric space X is everywhere chaotic in the sense
of Li–Yorke if
(a) f has sensitive dependence on initial conditions and
(b) for any nonempty open sets U,V of X and any ε > 0, there exists an integer n
and points x ∈U,y ∈ V such that d(f n(x), f n(y)) < ε.
The following provides a convenient criterion for the everywhere chaotic homeomor-
phism in the sense of Li–Yorke.
Lemma 5.3 [10, Theorem 2.4]. Let f :X→ X be a map of a compact metric space
X. Then f is everywhere chaotic in the sense of Li–Yorke if and only if f has a dense
scrambled set S in X which is a countable union of Cantor sets.
Now we consider the following two properties on a compact metric space X with a
nonatomic, locally positive, LS measure ν.
Condition (C). For each δ > 0, there exists an integer n(δ) > 1 satisfying the following
property:
for each pair p,q of distinct points of X and for each ν-preserving homeomorphism
f ∈H(X,ν), there exists a sequence p = x0, x1, . . . , xn−1, xn = q such that
d(f (xi), xi+1) < δ for each i = 0,1, . . . , n= 1.
Condition (H). For each ε > 0, there exists a δ > 0 such that:
for each pair (x1, . . . , xk) and (y1, . . . , yk) of k-tuples of distinct points of X with
d(xi, yi) < δ for each i = 1, . . . , k and for each finite set F which does not contain
any points of xi’s and yi ’s, there exists a homeomorphism h ∈ HF(X,ν) such that
d(h, id) < ε and h(xi)= yi for each i .
Propositions 4.16, 4.17 and the corresponding statements for regularly connected
polyhedra of dimension at least 2 [16] imply that every regularly connected polyhedron
of dimension at least 2 as well as every compact connected Menger manifold have the
above properties.
Now our main result of this section is formulated as follows.
Theorem 5.4. Suppose that a compact connected metric space X has the properties (C)
and (H). Then
(1) there exists a dense Gδ-subset L in H(X,ν) such that each f ∈ L has a dense
scrambled set S which is a countable union of Cantor sets,
and moreover,
(2) there exists a dense set L′ in L such that each f ∈ L′ is chaotic in the sense of
Devaney.
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Proof. Fix a complete metric ρ onH(X,ν). Let B = {Ui}∞i=1 be an open base ofX. (1) By
Lemma 5.3, it suffices to find a subset L ofH(X,ν), each member of which is everywhere
chaotic in the sense of Li–Yorke. Fix two distinct points p,q ∈ X and choose a positive
number τ such that 0< τ < (1/3) · d(p,q).
Put
S(Ui)=
{
f ∈H(X,ν) | there is a positive integer n such that diam(f n(Ui)) > τ
}
.
Clearly, S(Ui) is an open set of H(X,ν).
We shall show that S(Ui) is dense in H(X,ν). Let f ∈ H(X,ν) and let ε > 0 be any
positive number. Take a positive number δ satisfying Condition (H) for ε. Take an integer
n= n(δ) satisfying Condition (C). Then we may choose two sequences x0, x1, . . . , xn = p
and y0, y1, . . . , yn = q of points of X such that
(1) the points x0, x1, . . . , xn, y0, . . . , yn are distinct with each other,
(2) x0, y0 ∈ Ui ,
(3) d(xj+1, f (xj )) < δ and d(yj+1, f (yj )) < δ for each j = 0,1, . . . , n− 1.
By the choice of δ, there exists a homeomorphism g ∈H(X,ν) such that d(1, g) < ε and
g(f (xj )) = xj+1 and g(f (yj )) = yi+1 for each j (apply Condition (H) to F = ∅). Then
h= g · f ∈H(X,ν) and h ∈ S(Ui). By the Baire Theorem, S(B)=⋂∞i=1 S(Ui) is a dense
Gδ-set in H(X,ν). Note that each homeomorphism f ∈ S(B) has sensitive dependence on
initial conditions. In order to take care of another condition, let
A(Ui,Uj ;1/k)=
f ∈M(X,ν)
∣∣∣∣∣∣ there is a positive integer n such thatd(f n(Ui), f n(Uj )) < 1/k
 .
Clearly, A(Ui,Uj ;1/k) is an open set of H(X,ν). In this case, take two distinct points
a, b in place of p and q , respectively with d(a, b) < 1/2k and repeat the above argument
by taking distinct points from Ui and Uj as x0 and y0. Then we see that A(Ui,Uj ;1/k) is
dense in H(X,ν). Put
A(B)=
⋂
i,j,k∈N
A(Ui,Uj ;1/k).
Then L = S(B) ∩ A(B) is a dense Gδ-set in H(X,ν). Note that if f ∈ L, then f is
everywhere chaotic in the sense of Li–Yorke.
(2) Put
T (Ui,Uj )=
f ∈H(X,ν)
∣∣∣∣∣∣ there is a positive integer n> 1 such thatf n(Ui)∩Uj 6= ∅
 .
Note that T (Ui,Uj ) is an open set in H(X,ν). To prove that it is a dense subset of
H(X,ν), we use the above argument yet again. For a given homeomorphism f ∈H(X,ν),
we may take a finite sequence x0, . . . , xk so that x0 ∈ Ui , xk ∈ Uj and d(f (xi), xi+1)
is very small, by Condition (C). Take a small homeomorphism g ∈ H(X,ν) such
that g(f (xj )) = xj+1, j = 1, . . . , k − 1. Then g · f ∈ H(X,ν) is in T (Ui,Uj ) which
approximates f . Let T (B) =⋂i,j∈N T (Ui,Uj ), each member of which is topologically
transitive.
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Now, we put S(B)∩A(B)∩T (B)=⋂∞m=1Wm, where eachWm is one of the above sets
S(Ui),A(Ui,Uj ;1/k) or T (Ui,Uj ).
In the rest of the proof, we show that any homeomorphism in H(X,ν) is approximated
by a homeomorphism in the set above with periodic point being dense.
Let f ∈ H(X,ν) and ε > 0 be given. By the Poincaré Recurrent Theorem, there exist
a point z1 ∈ U1 ∈ B and an integer n1 > 1 such that f n1(z1) and z1 are very close to
each other. Let us show that we may choose a homeomorphism g ∈ H(X,ν) such that
ρ(1, g) < ε/2, g · f ∈W1 and (g ◦ f )n1(z1)= z1.
By Condition (H), there exists a small homeomorphism g1 ∈ H(X,ν) such that
g1(f
n1(z1)) = z1 and g1(f l(z1)) = f l(z1) for each l = 0, . . .n1 − 1. So z1 is a periodic
point of g ·f of period n. IfW1 = S(Ui), then we repeat the proof of the part (1) for g1 ·f .
We take two sequences {xj } and {yj } as before, but in addition, in such a way that none of
these points belongs to the set F = {(g1f )j (z1) | j = 0, . . . , n}. Apply the condition (H)
to {xi}, {yi} and F . Then a small homeomorphism g2 ∈H(X,ν) can be chosen that shifts
f (xi) and f (yi) to xi+1 and yi+1, respectively, and further fixes the points of F . Then
g = g2 · g1 is a small homeomorphism we are looking for.
Take a open neighborhoodW ′1 of g ·f such that cl(W ′1)⊂W1 and put f1 = g ·f . Choose
z2 ∈ U2 ∈ B with z2 6= z1. By the same argument as above, we can choose f2 ∈W ′1 ∩W ′2
such that ρ(f1, f2) < ε/22, f n22 (z2)= z2 and f2|orb(z1;f1)= f1|orb(z1;f1), where W ′2
is an open set of H(X,ν) with cl(W ′2) ⊂ W2. Continuing this procedure, we obtain a
sequence f1, f2, . . . , of homeomorphisms in H(X,ν) such that
(1) ρ(f,f1) < ε/2, ρ(fi , fi+1) < ε/2i for each i ,
(2) fi ∈⋂im=1 W ′m for each i , where W ′m is an open set of M(E,µ) with cl(W ′m) ⊂
Wm.
(3) for each i , there is a point Zi ∈ Ui ∈ B and a natural number ni > 1 such that
f
ni
i (zi)= zi and fi+1|
i⋃
m=1
orb(zm;fm)= fi |
i⋃
m=1
orb(zm;fm).
Note that the sequence {fi} is a Cauchy sequence in H(X,ν). Then h = limi→∞ fi ∈
S(B) ∩ A(B) ∩ T (B), ρ(f,h) < ε and the set of periodic points of h is dense in X.
Put
L′ = {h ∈L | the set of periodic points of h is dense in E}.
Then L′ is dense in H(X,ν). 2
Corollary 5.5. Let E be either a regularly connected compact polyhedron of dimension
n> 2 or a compact connected n-dimensional Menger manifold (n> 1). Then E admits a
homeomorphism f which is chaotic in the sense of Li–Yorke and of Devaney, and has a
dense scrambled set S which is a countable union of Cantor sets.
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